We propose Weibull delegate racing (WDR) to explicitly model surviving under competing events and to interpret how the covariates accelerate or decelerate the event time. It explains non-monotonic covariate effects by racing a potentially infinite number of sub-events, and consequently relaxes the ubiquitous proportionalhazards assumption which may be too restrictive. For inference, we develop a Gibbs-sampler-based MCMC algorithm along with maximum a posteriori estimations for big data applications. We analyze time to loan payoff and default on Prosper.com, demonstrating not only a distinguished performance of WDR, but also the value of standard and soft information.
Introduction
The risk-return tradeoff is always an important concern to investors in financial markets.
The tradeoff takes into account not only borrowers' creditworthiness that determines the risk of loan default, but also the time to default since a prolonged repayment of principal and interest can reduce, compensate for or even exceed the loss from default [Banasik et al., 1999] . Meanwhile, time to early payoff has analogous influence on return of investment (ROI). For example, if a loan is fully repaid in a lump sum at an early stage, the ROI will be remarkably lower than expected. One may argue that the annualized rate of return will be unchanged if the loan is paid off early and the money repaid continues to be invested. Actually, this is not true in practice due to the existence of transaction costs, such as the transaction fees and the time that investors spend in searching equally profitable bonds. Time to loan payoff and time to default hereby play a crucial role in classifying a loan into an appropriate level of risk and reward and should be an essential consideration in investment decisions.
Ideally, investors maximize returns by investing in loans where borrowers have a long time to complete repayment or to default. However, it can be hard to screen such borrowers by qualitatively examining a small amount of standard information because a borrower's characteristic that can reduce the chance of default or postpone the default time often contributes to early payoff. For example, a borrower with a high credit grade and high income is less likely to default but more likely to pay off the loan early to avoid the interest. Consequently, the effect of credit grades and income levels on ROI may be ambiguous without quantitative analysis. Such ambiguity gives prominence to the joint analysis of time to both endpoints. Survival analysis, or time-to-event modeling, provides a powerful tool to analyze how borrower's characteristics influence the time to payoff and time to default and thus ROI.
In survival analysis that explores the relationship between features and time to events, existing methods often parameterize the hazard function with a weighted linear combina-tion of the features. One of the most popular methods is the proportional hazards models, like Cox model [Cox, 1992] which is semi-parametric in that it assumes a non-parametric baseline hazard multiplied by a covariate-dependent coefficient. The proportional hazards models are often applied to population-level studies that try to unveil the relationship between the risk factors and hazard functions, such as to what degree a unit increase in a covariate is multiplicative to the hazard rate. However, it may have several drawbacks when we care about interpreting the feature effects as well as predicting the event time.
First, the feature effect is interpreted as the log of a multiplier of the nonparametric baseline hazard which is estimated separately, but the effect on the event time is often not evident and the time prediction requires further modeling. Second, the interpretability is obtained by sacrificing model flexibility, because the proportional-hazards assumption is violated when the covariate effects are non-monotonic. For example, both very high and very low ambient temperatures were related to high mortality rates in Valencia, Spain, 1991 -1993 [Ballester et al., 1997 , and a significantly increased mortality rate is associated with both underweight and obesity [Flegal et al., 2007] . Another source of nonlinearity is from interaction effects. For example, an increased interest rate may accelerate the time to default for borrowers with low income and a low credit grade, but such acceleration may be less remarkable or insignificant for borrowers of very high credit-worthiness.
Data transformations like adding square and interaction terms can alleviate this problem but often requires expert opinions. Moreover, complex data transformations like using kernels or neural networks would undermine the model interpretability. Third, the proportional hazards models rank all subjects by their event time and are incapable of big data analysis as the rankings of subjects always change when a random mini-batch sample is drawn so that an unbiased gradient is hard to find and thus a stochastic-gradient-based optimization is not applicable.
It is very common in survival analysis to consider competing events (also known as competing risks) which are mutually exclusive, i.e., the occurrence of one event precludes other events. Apart from modeling the time, in the presence of competing events, it is also important to model the event type, or which one of the events is likely to occur first. Two of the most classical models are the Cox model with competing risks [Wolbers et al., 2014 , Austin et al., 2016 and the Fine-Gray (FG) subdistribution model [Fine and Gray, 1999] which model cause-specific and subdistribution hazard functions [Putter et al., 2007 , Lau et al., 2009 , respectively, with the proportional-hazards assumption. The former is often applied to studying the etiology of diseases, while the latter is favorable when developing prediction models and risk-censoring systems [Austin et al., 2016] .
Loan payoff and default are two competing events and the time to both events needs to be jointly modeled. Compared to early payoff, more research has studied the default probability and default time alone. Divino et al. [2013] use the Cox proportional hazards model and time-varying covariates to study how the loan-specific and economy's basic interest rates affect the default probability in Brazil. Durovic [2017] stratifies data by loan terms and purposes, and use Kaplan-Meier estimate of survival function within the vintage framework to study the default probability of online loans on LendingClub.com. Miller [2012] explores risk factors of online loan default on Prosper.com using quantile regression of default time. Regarding loan default and early payoff as competing events, Stepanova and Thomas [2002] study a personal loan data set from a UK financial institution. They propose a way of coarse-classifying of features by survival analysis of early payoff and default using two separate Cox models. Concretely, when analyzing the time to default they treat the borrowers who have repaid the loan as censored observations, and analogously when analyzing the time to payoff they treat as censored the borrowers who have defaulted. Baesens et al. [2005] also analyze time to loan early payoff and default, compare Cox models and neural networks and have found their performances are comparable. Apart from Cox models' lack of modeling flexibility and neural networks' lack of interpretability, they also analyze default (payoff) separately by treating borrowers who have paid off the loan (default) as censored.
Although we can enable every survival model that can handle censoring to model competing events if we separately analyze one competing event at a time and regard observations having other events as censored, this trick of censoring is problematic because it violates the assumption of independent or noninformative censoring [Kalbfleisch and Prentice, 2011] . This assumption requires subjects who are exposed to the risk to have the same future risk for the occurrence of the event as the censored ones do, as if censoring is random and thus noninformative. The assumption often holds in the single-event analysis where censoring is due to random missing or lost to follow-up, but it is unreasonable to assume that borrowers who have paid off the loans can represent those who may default, or the other way around. As a result, violating this assumption may lead to over-estimation of the cumulative incidence [Austin et al., 2016 , Tong et al., 2012 . A possible remedy is to adjust the cumulative incidence through the Kaplan-Meier estimate [Tong et al., 2012] , which, however, may be inaccurate because the Kaplan-Meier estimate is for the whole population without considering individual feature effects. A better solution is to turn to models that are specifically designed for joint analysis of multiple competing events, such as the FG subdistribution hazard model. It is good at predicting individuals' risks [Lau et al., 2009] , but its linear proportional-hazards assumption may narrow its scope of application.
The existence of non-monotonic covariate effects can easily challenge and break the proportional-hazards assumption as in the FG model. This barrier has been surmounted by nonparametric approaches, such as random survival forests [Ishwaran et al., 2014] , Gaussian processes [Barrett and Coolen, 2013] and neural networks that discretize the survival time [Lee et al., 2018] . These approaches are specifically designed for the existence of competing events and used for studies at an individual level, such as predicting the survival time, but almost unable to tell which or how covariates influence the eventspecific hazard or survival time. So these models may be not of interest when we aim to explain the feature effects on loan default and early payoff.
To this end, we need a model for survival analysis of competing events that achieves a good balance of model interpretability and flexibility and obeys the noninformative censoring assumption as well. So we construct Weibull delegate racing (WDR) survival model, a gamma-process-based nonparametric Bayesian hierarchical model for competing events. WDR utilizes the race among Weibull random variables to jointly model all the competing events, enables the nonlinear modeling capability which is determined dataadaptively, and has an interpretation as a race among latent sub-events. In addition, WDR is an accelerated failure time model where the features accelerate or decelerate the progression of time to each respective competing event, so that it is more appealing compared to proportional hazards models when feature effects on payoff time or default time are of interest.
We test our WDR model using data from Prosper.com, one of the largest debt-based crowdfunding or peer-to-peer (P2P) lending platforms in the U.S. We choose P2P as our testing context for the following two main reasons. First, we have rich and objective information on the borrowers, the loans and the loan performance during our study period. We know a large amount of borrower information disclosed from their personal and credit files. Such quantitative information is the basis for loan underwriting in offline debt finance. We also know when each loan was originated and would mature, when and how much each installment was paid, whether each loan was prepaid or not, whether each loan was fully repaid or defaulted, and, if defaulted, how much the principal was lost. In addition to the rich information, prepayment and default are two common phenomena in online P2P market [Duarte et al., 2012] . All aforementioned information is seldom available from traditional offline debt financial institutions. Online P2P lending provides a good opportunity to test the predictive power of our proposed model.
The proposed WDR outperforms other popular predictive models widely used by academics and industries in both time to event modeling and classification of loan payoff and default. Specifically, WDR's performance is better than the Fine-Gray model and the random survival forests when predicting the cumulative incidence functions, and better than these two models and a neural network in terms of both classification accuracy and area under the ROC curve (AUC). Moreover, we find the inclusion of soft information (i.e., information cannot be easily quantified by credit history or financial and employment status but available on Prosper) leads to a remarkable improvement in prediction. We also demonstrate the wisdom of the crowd in distinguishing loans with a high risk of default, but not as much in avoiding loans tending to be paid off early.
The paper proceeds as follows. In Section 2 we propose WDR and show its properties.
Section 3 shows how our Bayesian inference deals with missing event time or type and truncated event time including censoring. In Section 4 we use synthetic data to show WDR's nonlinear modeling capacity and its outstanding performance. In Section 5 we analyze the Prosper data to show the feature effects on loan default and early payoff and the value of soft information that may be overlooked by traditional financial institutions. Section 6 concludes. We defer all proofs and algorithms, and a part of experimental settings to the appendix.
Weibull racing survival model for competing events
We first introduce a property of Weibull racing describing the distribution of the minimum of Weibull-distributed random variables and show how this property can be directly used for time-to-event modeling of competing events. Then we propose Weibull racing model assuming monotonically accelerating or decelerating covariate effects on the time to competing events, and Weibull delegate racing model where covariates can have monotonic or arbitrarily non-monotonic effects on the event time and the survival and hazard functions.
Property of the minimum of Weibull random variables
Let t ∼ Weibull(a, λ) represent duration t following a Weibull distribution with the probability density function f (t | a, λ) = aλt a−1 e −λt a , t ∈ R + and the cumulative distribution function F (t | a, λ) = 1 − e −λt a , t ∈ R + where R + represents the nonnegative side of the real line, a > 0 is the shape parameter and λ > 0 such that E[t] = λ −1/a Γ(1 + 1/a).
Shown below is a property that characterizes a race among independent Weibull random variables.
Property 1 (Weibull racing). If t j ∼ Weibull(a, λ j ), where j = 1, . . . , J, are independent to each other, then t = min{t 1 , . . . , t J } and the argument of the minimum y = argmin j∈{1,...,J} t j are independent and they satisfy
Intuitively, Suppose there is a race among team j = 1, · · · , J, whose completion time t j follows Weibull(a, λ j ), with the winner being the team with the minimum completion time. Property 1 shows the winner's completion time t still follows a Weibull distribution and is independent of which team wins the race. In the context of time-to-event modeling, we can regard a competing event as a team and the latent time to this event as the completion time of the team. Since the occurrence of one competing event precludes others, y indicating which is the first event to happen will be the observed event type, and t will be the observed event time. Weibull racing not only describes a natural mechanism of surviving under competing events but also provides an attractive modeling framework amenable to Bayesian inference; conditioning on a and λ j 's, the joint distribution of the event type y and time to event t becomes fully factorized as P (y, t | a, {λ j } 1,J ) = λ y at a−1 e −t a J j=1 λ j
(2) which allows Bayesian inference by MCMC.
Weibull racing for linear covariate effects
We show how to model the covariate dependence of event time in the Weibull racing framework by introducing gamma-mixed Weibull distribution. Specifically, let λ ∼
where λ ∼ Gamma(r, 1/b), we have the marginal density of t given a, r and b as
This gamma-mixed Weibull distribution has a decreasing density f (t | a, r, b) (or equivalently, uni-modal at 0) if a ≤ 1, and has a uni-mode at ( ab−b 1+ar ) 1 a if a > 1. Note that this property of uni-modality is analogous to that of the regular Weibull distribution. We define Weibull racing model as follows.
Definition 1. With competing events j ∈ {1, . . . , J} and their associated latent event time t j , Weibull racing model has the observed event time t and event type y depending on covariates x as t = t y , y = argmin j∈{1,...,J} t j , t j ∼ Weibull(a, λ j ), λ j ∼ Gamma(r j , e xβ j ).
We apply this definition to the scenario of borrowers' loan payoff (j = 1) and default (j = 2) that are two competing events. Before the outcome of the loan is observed, the payoff time t 1 and default time t 2 are latent. If the payoff happens earlier than default, i.e., t 1 < t 2 , we observe the loan fully repaid (i.e., y = 1) at time t = t 1 . Otherwise, we observe the default happens (i.e., y = 2) at time t = t 2 . An alternative view of Weibull racing is from the perspective of a discrete choice model [Hanemann, 1984 , Greene, 2003 , Train, 2009 . The observed event type y is corresponding to the event whose latent arrival time is the minimum among all the competing events. Distinct from ordinary discrete choice models where the decision is made to maximize latent utility, the event type y is determined by Weibull racing to minimize the waiting time for any one of the competing events, and this minimum waiting time t is also of interest.
For the observed event time t = min j t j , the survival funcation and the hazard function, respectively, are
For each competing event j, we can express its event time as t j ∼ Weibull(a, e x β j λ j0 )
where λ j0 ∼ Gamma(r j , 1) so that log t j = −x β j /a + log t j0 where t j0 ∼ Weibull(a, λ j0 ).
Thus Weibull racing is an accelerated failure time model [Kalbfleisch and Prentice, 2011] for each competing event j in that the features x accelerate or decelerate the baseline event time t j0 by β/a. Furthermore, with S j0 (t) = (t a + 1) −r j and h j0 (t) = ar j t a−1 1+t a , we can write the survival function for event j as S j (t j ) = (e x β j t a + 1) −r j = S j0 (t j e x β j /a ) and write the corresponding hazard function as h j (t j ) = ar j t a−1 j t a j +e −x β j = e x β j /a h j0 (t j e x β j /a ). Weibull racing can be restricted in that the survival function and the hazard function for event j are monotonic in x. Consequently, Weibull racing can only model competing events whose respective event time is linearly dependent on features. An overall nonlinear feature effect may result from multiple latent mechanisms of one competing event which is often pre-defined without a fine-grained categorization. For example, in medical research where survival analysis is widely applied, the nosology of competing events is often subject to human knowledge, diagnostic techniques, and patient population. Diseases with the same phenotype, categorized into one competing event, might have distinct etiology and different impacts on survival, and thus require different therapies. An example of an event with subordinate categories is diabetes which can be divided into Type 1 and Type 2. Type 1 is ascribed to insufficient production of insulin from the pancreas whereas Type 2 arises from the cells' failure in responding properly to insulin Varma et al. [2014] .
In areas of social sciences, fine-grained categorizations of a competing event can be hard to pre-define, and consequently, the feature effects can be nonlinear since the competing event may be an aggregation of many sub-events. In this regard, it is often necessary for a model to identify these sub-events, not only to improve the fit of event time, but also to explore the underlying mechanisms. We develop Weibull delegate racing, assuming that an event consists of several sub-events under each of which the latent sub-event time is log-linearly accelerated by covariates.
Weibull delegate racing for nonlinear covariate effects
Based on the idea of Weibull racing that an individual's observed event time is the minimum of latent time to competing events, we further propose Weibull delegate racing (WDR), assuming that the time to a competing event is the minimum of the latent time to a number of sub-events appertaining to this competing event. In particular, let us first denote G j ∼ ΓP(G 0j , 1/c 0j ) as a gamma process defined on the product space R + × Ω, where G 0j is a finite and continuous base measure over a complete separable metric space Ω, and 1/c 0j is a positive scale parameter such that G j (A) ∼ Gamma(G 0j (A), 1/c 0j ) for each Borel set A ⊂ Ω. A draw from the gamma process consists of countably infinite non-negatively weighted atoms, expressed as G j = ∞ k=1 r jk δ β jk . Now we formally define WDR model as follows.
Definition 2 (Weibull delegate racing). With competing events j ∈ {1, . . . , J} and their associated latent event time t j , and given a random draw of a gamma process G j ∼ ΓP(G 0j , 1/c 0j ), expressed as G j = ∞ k=1 r jk δ β jk , for each j ∈ {1, . . . , J}, Weibull delegate racing models the observed event time t and event type y given covariates x as
Here we assume an infinite number of sub-events under a competing event j, and each sub-event k has a latent event time t jk . WDR can be considered as a two-phase race. In the first phase, for a pre-specified competing event j, there is a race among its countably infinite sub-events {k | k = 1, . . . , ∞}, and the winner, say sub-event κ j , whose time t jκ j = min k t jk , represents the event j by letting t j be equal to t jκ j . In the second phase, J events with the associated event time {t j } j compete with each other to eventually determine both the observed event time t and the observed event type y.
Although WDR assumes a potentially infinite number of sub-events for each competing event, the summation of the weights of these sub-events, G j = ∞ k=1 r jk δ β jk , is finite according to the gamma process. Therefore, the gamma process not only admits a race among a potentially infinite number of sub-events, but also parsimoniously shrinks toward zero the weights of negligible ones , Zhou, 2016 , so that the non-monotonic covariate effects on the time to a competing event can be interpreted as the minimum, which is a nonlinear operation, of time to sub-events whose accelerating factor is log-linear in covariates x.
Intuitively, the nonlinear modeling capacity of WDR is fulfilled by taking the minimum of the minimums which is a two-step nonlinear operation. In mathematics, the event time t j , the survival function S j (t j ) and the hazard function h j (t j ) for competing event j are no longer monotonic in x. Specifically, the following corollary explicitly shows an equivalent definition of WDR and its nonlinear modeling capacity.
Corollary 1. Weibull delegate racing can also be expressed as
The survival function and the hazard function, respectively, for event j are
Corollary 1 represents WDR as a generalization of Weibull racing, where the scale of the time to a competing event j is proportional to a weighted summation of a countably infinite number of gamma random variables with covariate-dependent weights. Moreover, the survival and hazard functions are non-monotonic in the features; they can be adaptively flexible as the weights r jk 's are learned from data. To study how the hazard function changes over time, we note that
So if a ≤ 1, h j (t j ) is always decreasing in t j , and otherwise h j (t j ) can be increasing (until some time that is long enough) or arbitrarily non-monotonic in t j with proper values of r jk 's and β jk 's.
Bayesian inference
In this section, we propose an efficient MCMC inference for WDR. The fully factorized likelihood admits Gibbs sampling updates of all the parameters except the Weibull shape a whose full conditional distribution is unimodal so that an efficient slice sampling scheme [Damlen et al., 1999 , Neal et al., 2003 ] can be used. Moreover, we show that our proposed MCMC inference is still applicable even if the data has missing event types and truncated or missing event time. In section 3.1 we use notations of Weibull racing for brevity to illustrate how the likelihood can be written in a fully factorized form with data augmentation tricks, and the tricks apply to and the corresponding conclusions hold for WDR. Section 3.2 gives the full hierarchical representation of WDR that facilitates MCMC inference and parameter shrinkage to avoid overfit. Additionally, we propose maximum a posteriori (MAP) estimations using stochastic gradient descent for big data analysis. Note that we use reparameterization for feasible gradient calculation and use self normalization for variance reduction. The details of the MAP estimations are provided in the appendix.
Fully factorized likelihood
In survival analysis, it is rarely the case that both y and t are observed for all observations, and one often need to deal with missing data or right or left censoring. We write t ∼ Weibull Ψ (a, λ) as a truncated Weibull random variable defined by the density function f Ψ (t | a, λ) = aλt a−1 e −λt a / Ψ aλu a−1 e −λu a du, where t ∈ Ψ and Ψ is an open interval on R + representing censoring. Specifically, Ψ can be (T r.c. , ∞) indicating right censoring with censoring time T r.c. , (0, T l.c. ) indicating left censoring with censoring time T l.c. , or a more general case (T 1 , T 2 ), T 2 > T 1 . If we don't observe y or t, or there exists censoring, we have the following two scenarios in both of which it is necessary to introduce appropriate auxiliary variables to achieve fully factorized likelihoods: 1) If we only observe y (or t), then we can draw t (or y) shown in (1) as an auxiliary variable, leading to the fully factorized likelihood as in (2); 2) If we don't observe t but know t ∈ Ψ with
Together with y which can be drawn by (1) if missing, the likelihood P (y, t, t ∈ Ψ | {λ j } 1,J ) becomes the same as in (2). The procedure of sampling t and/or y which generates fully factorized likelihoods under different censoring conditions plays a crucial role as a data augmentation scheme that will be used for the MCMC inference of the proposed Weibull (delegate) racing model. While in the case of right censoring y is unknown and the likelihood P (t > T | a, {λ j }) = e −T a j λ j is already fully factorized, we still need to augment t and y, and use (2) as the likelihood. For the convenience of implementation, as in Zhou and Carin [2015] , we truncate the total number of atoms of a gamma process to be K that is large enough by choosing a finite and discrete base
Hierarchical model of WDR and MCMC inference
With x i denoting the covariates, y i event type, and t i the time to event of observation i, we express the full hierarchical form of WDR defined in (5), as sampling except the Weibull shape parameter a. To the best of our knowledge, there does not exist a Gibbs sampling scheme for the Weibull shape parameter. Alternatively, we use an efficient slice sampling update for a without any tuning parameter as its full conditional distribution is unimodal. The proof of this unimodality and the complete MCMC algorithm are provided in the appendix.
Model validation by synthetic data
In this section, we validate the proposed WDR model using synthetic data by comparing WDR with some benchmark approaches whose implementations and experiment settings are deferred to the appendix for brevity. Specifically, we compare the proposed WDR model, Fine-Gray proportional subdistribution hazards model (FG) [Fine and Gray, 1999] and random survival forests (RF) [Ishwaran et al., 2014] that are all designed for survival modeling of competing events. We show that WDR not only can tell whether the covariate effects are monotonic or not by inferring the number of remarkable sub-events but also performs uniformly well in both situations.
Quantification measurements
We quantify the survival model performance by the cause-specific concordance index [Wolbers et al., 2014] and the Brier score [Gerds et al., 2008 , Steyerberg et al., 2010 .
Specifically, the Brier score (BS) for risk j at time t is calculated as
with a smaller value indicating a better model fit. Cause-specific concordance index (C-index) of event j at time t is computed as
where i = i and Score j (x i , t) is a prognostic score at time t depending on x i such that its higher value reflects a higher risk of event j. Wolbers et al. [2014] write C-index as a weighted average of time-dependent AUC that is related to sensitivity, specificity, and ROC curves for competing events [Saha and Heagerty, 2010] . So a higher value of C-index indicates a better model fit and a value around 0.5 implies a model failure.
A good choice of the prognostic score is the cumulative incidence function (CIF), [Fine and Gray, 1999 , Kalbfleisch and Prentice, 2011 , Crowder, 2001 . Distinct from a survival function that measures the probability of surviving beyond some time, CIF estimates the probability that an event occurs by a specific time in the presence of competing events. For WDR given a, {r jk } and {β jk },
where the expectation is taken over {λ ijk } j,k and λ ijk ∼ Gamma(r jk , e x i β jk ). The expectation can be evaluated by Monte-Carlo estimation if we have point estimates or a collection of post-burn-in MCMC samples of r jk and β jk .
Synthetic data analysis
We simulate two data sets according to the data generating process in Table 1 where
x i ∈ R 3 and each coordinate is sampled from Uniform(0, 1), and use them to validate WDR and to illustrate its nonlinear modeling capability. In Table 1 , t ij denotes the latent time to event (risk) j, j = 1, 2 and t i is the observed time to event of observation i. The 
Prosper data analysis
In this section, we analyze a real data set from Prosper.com to show how features of standard and soft information affect the time to loan payoff and default. First, we introduce the data set that contains loans that have been fully funded after lenders'
bidding. Subsequently, we show the feature effect estimations by WDR and compare its model performance to the Fine-Gray model and the random survival forests. We also show the predictability of different groups of partial information and demonstrate the wisdom of the crowd in distinguishing loans with a high risk of default.
Context and data
Our data comes from Prosper.com 1 that is one of the largest P2P lending sites in the US with over sixteen billion dollars in funded loans belonging to more than 970,000 borrowers by 2019. The data set contains fully funded loan listings that are personal, fixed-rate and unsecured between November 9th, 2005 and December 19th, 2010 2 with the term of 36 months 3 . We describe a typical lending process, especially features directly related to our study. More detailed information can be found from studies of Zhang and Liu [2012] and Lin et al. [2013] .
The process starts with the creation of a loan request (known as a "listing") that contains information about the borrower and their request. In the posted listings, the borrowers mainly specify the requested amount and the offered interest rates. The listing page also includes borrowers' standard credit information, such as debt-to-income ratio, delinquency history, and credit lines, and borrowers self-reported information such as income and employment status. The standard information is often called verified hard 1 https://www.prosper.com/about 2 Prosper.com changed its bidding mechanism on December 20th, 2010. Before this date, the platform implemented an auction mechanism. The borrowers specified the interest rates they were willing to accept. After this date, the platform decides the borrowers' interest rates that are calculated using borrowers' information such as credit scores, income levels, and debt-to-income ratios.
3 Very few loans had 12 and 72 months maturity and we exclude these observations.
information which was extracted from the borrower's credit report provided by a credit agency. Lenders can view this information and place bids on listings. They can bid as little as $25 and need to specify the minimum interest rates at which they would fund the listing.
Successful listings that attract 100% of the requested funds become loans after the website's verification. Lenders with lower reservation rates win the bidding, and the contract interest rate is determined by the highest reservation rates among the successful bidders. Every month during the life cycle of the loan (usually 36 months), Prosper.com will automatically debit the borrower's bank account and repay the investors after deducting fees. As long as the borrower makes the monthly payment in time, the loan status is marked as "current." Otherwise, the status will incrementally change to "late,"
"1 month late," "2 months late," etc. If the borrower fails to make payment for more than four months, the loan will be marked as "defaulted." Defaulted loans will be transferred to third-party collection agencies designated by Prosper.com, and will negatively affect the borrower's personal credit score. All the quantifications including Brier scores, C-indices and AUCs report the results on the testing data. Following Stepanova and Thomas [2002] , we treat the loans that are fully repaid on the 36th month as censored. 
Feature effect estimations
We found only one sub-event by WDR for both early payoff and default, respectively, which implies that the features log-linearly accelerate or decelerate the event time and no remarkable interaction effects on the time to payoff or the time to default. For the remaining analysis of the Prosper data we omit the subscript k for brevity. Since log t j = −x β j /a + log t j0 where t j0 ∼ Weibull(a, λ j0 ) and λ j0 ∼ Gamma(r j , 1) as discussed in Section 2.2, e β j /a is interpreted as how x accelerate the time to event j. Concretely, a positive coefficient indicates the corresponding covariate accelerating the event time, whereas negative decelerating the event time. Quantitatively, with one unit increase of
x v which is the vth coordinate of x, t j will be reduced by (100 × β vj /a)%, where β vj is the coefficient of x v for event j.
We show the estimated coefficient effects, (β j /a), j = 1, 2 with standard errors by WDR in Figure 3 below and in Table 14 in the appendix as well. Features whose coefficient is negative for both events (or negative for one event and insignificantly different from 0 for the other event) would decelerate the time to early payoff and (or) default, so that a loan listing with big values of such features will have a prolonged time of repaying the principal and interest until payoff or default and thus leads to a high ROI. Meanwhile, investors should avoid listings with features whose values are big and coefficients are positive for both events (or whose coefficients are positive for one event and insignificantly different from 0 for the other event), because they expedite payoff and (or) default and thus results in a low ROI. Features whose coefficients are of different signs for the two events have opposite effects on the time to payoff and to default and their effects on ROI need to be analyzed quantitatively.
We summarize in Table 3 the features with a significant effect on the time to both early payoff and default. For example, a higher number of total credit lines accelerates the time to both events, while a higher bank card utilization decelerates the time to both events. Instead of accelerating or decelerating payoff and default simultaneously, many features have opposite effects on the time to the two events, as reported in the top-right and the bottom-left cells of Table 3 . For example, a borrower with an annual income over 100,000 dollars has their default time significantly postponed but they would be more likely to pay off the debt early, compared to the condition that their income was lower. It is also implied that if a borrower would like to accept a high-interest rate when proposing the loan listing, they are likely to pay off the loan late or to default early. A possible explanation is that borrowers who propose a high-interest rate on Prosper have either a high risk of default and late repayment or an urgent need for money that cannot be funded quickly by a traditional financial institution. So in addition to facilitating the loan funding procedure, proposing a high-interest rate helps the borrowers with a high risk of default to attract risk-seeking investors to make an adverse selection. In comparison, a high contract interest rate accelerates the time to default but does not influence the time to payoff when fixing all other features. The effect and the predictability of the contract interest rate will be discussed in detail in Section 5.4. It is worth to note that the accelerating and decelerating effects on the time to early payoff and default, respectively, are basically decreasing with borrowers' credit grades changing from high to low (compared to the baseline of unknown credit grades), as shown in Figure 3 (b). This also results in a trade-off between early payoff and early default when lenders select loan listings by the borrowers' credit grades. Additionally, soft information is important in predicting not only the chance of payoff and default [Iyer et al., 2015] but also the time. For example, Figure 3 
Model comparison
We compare our results by WDR with other survival and classification models to examine the credibility of the findings by WDR. First, we compare the calibration of feature effects by FG model which formulates subdistribution hazard function η j for event j with a proportional-hazards assumption, i.e.,
where η j0 (t) is a nonparametric baseline and θ j is the covariate coefficients to be estimated. A positive value of x v with a positive coefficient θ vj will increase the subdistribution hazard. In comparison, for WDR with one sub-event for each of the competing events, the hazard function for event j is increasing in x v if β vj > 0 as implied by (4).
Therefore, if the parameters of WDR is correctly estimated, the signs of β j should be the same as those of θ j for each j unless insignificant. We show the estimated θ j with the standard errors in Figure 4 and Table 14 in the appendix, and see that all the point estimates of feature effects are of the same sign, respectively, as those by WDR if significant, and the relative scales of the coefficients are also similar between WDR and FG.
In addition, the model fit by WDR which finds linear covariate effects is comparable to, and for some time evaluated slightly better than the model fits by FG and random RF in terms of C-indices and Brier scores as shown in Table 12 and 13, respectively, in the appendix.
We can predict P (y i = j), the over-all probability of event j for observation i using CIF j (i, t = ∞), and consequently, a survival model for competing events like WDR, FG and RF can be used for classification of the event types. We show how well WDR does in distinguishing loans to be fully paid off from those to be defaulted, and compare it with FG and RF along with classification approaches including L 2 -regularized logistic regression and a neural network with fully connected layers. Note that neural networks are arguably the most powerful classification models in the existence of nonlinearity if the data is large enough. We use the probability of 0.5 as the classification threshold and report in Table 4 the prediction accuracy and area under the receiver operating characteristic (ROC) curve which is denoted as AUC. We can see WDR gives very good prediction accuracy and AUC that are higher than all the other approaches except for slightly lower than logistic regression. It is worth to mention that the neural network classification may have over-fit the training data since the training accuracy has achieved as high as 97.6% whereas the testing accuracy and AUC are the lowest among all the In previous sections, we have validated WDR from the modeling perspective by showing its data-adaptive nonlinear capacity and comparable performance to other popular methods in survival analysis and classification. In this section, we study the predictability of the Prosper features containing standard and soft information using WDR. We use the contract interest rate, credit grades, all standard information and all information (whose prediction results have already been discussed in Section 5.3), respectively, to fit the WDR model and compare the predictability of these groups of features by examining the goodness of CIF estimations that is quantified by Brier scores and C-indices, and how accurately WDR distinguishes loan payoff and default. As the contract interest rate reflects lenders' evaluation of a loan listing, its predictability suggests how well lenders are making decisions. The credit grades stratify borrowers by their past behavior and summarize the borrowers' overall creditworthiness. By comparing the predictability of the two features we can see if lenders can acquire information of borrowers in addition to their credit history. Furthermore, compared to only using standard information we examine the improvement by using soft information which can be overlooked by traditional financial institutions.
Prediction by partial information
Only one sub-event for early payoff and default, respectively, has been found by WDR for each of these four groups of features. So the feature effects are linear. We report the Brier scores in Table 5 , C-indices in Table 6 and the classification accuracy and AUC in Table 7 , respectively. Overall, the prediction using all information dominates those using the other groups of partial information. Compared to using the standard information, using additional soft information leads to a remarkable improvement in the prediction of the default probability and time. In particular, using additional soft information results in an increase of 0.0701 or 9.54% in AUC compared to using standard information alone.
Note that an increase of 0.01 in AUC is a considerable improvement when predicting the loan default [Iyer et al., 2015] . The CIF is also better estimated using additional When predicting the CIF for loan default, WDR using the contract interest rate slightly outperforms WDR using the credit grade in terms of both Brier scores and C-indices. Meanwhile, the prediction of the overall default probability using the contract interest rate alone is better than that using the credit grades; the difference of AUC is as large as 0.028. Moreover, the predictability of the contract interest rate on the CIF for loan default achieves, on average, 97.2% of standard information and 89.5% of all (standard and soft) information in terms of C-indices. So the contract interest rate determined by bidding contains a tremendous proportion of all information available and reflects lenders' accurate judgment of loan default. When predicting the CIF for loan payoff, however, the contract interest rate and the credit grades do not capture as much useful information as they do in predicting the default. Concretely, the C-indices by using the contract interest rate, which are all below 0.6 at the time evaluated, only achieve 82.7% and 78.5% of those using standard information and all information, respectively.
This indicates that the crowd wisdom cares about the loan default (time and probability) more than the early payoff.
Conclusion and future work
The proposed Weibull delegate racing model for survival analysis with competing events uses a two-phase race among sub-events, not only maintaining the interpretability, but also allowing for non-monotonic feature effects. We use a gamma process to support a potentially countably infinite number of sub-events, and rely on its inherent shrinkage mechanism to remove unneeded model capacity, making WDR capable of detecting underlying mechanisms data-adaptively. Moreover, WDR does not break the noninformative censoring assumption and thus reduces the bias in CIF estimations. Analysis of the Prosper data shows WDR's outstanding performance and intriguing findings that
can inspire investors to screen online loan listings using standard and soft information.
The interpretation of WDR as an accelerated failure time model enables us to both qualitatively and quantitatively summarize the feature effects on time to default and payoff.
Therefore, WDR is an attractive alternative to existing methods for not only studying loan payoff and default but also many other applications that require interpretable nonlinear modeling capacity.
Many different model extensions and applications have been left for the future. From the modeling perspective, WDR assumes the (sub-)events are conditionally independent given the features and has not considered an intrinsic correlation. A possible improvement is to add random effects to capture the correlation among competing events and among their associated sub-events, respectively. We have tried this on the prosper data but did not find significant random effects, possibly because the standard and soft information already capture the potential correlation between the time to payoff and the time to default. This conditional-independence assumption may not hold in more complex scenarios where the features are sparse or do not have much predictability. For example, if a patient had multiple diseases and they died of one disease, their survival time may be different from those who had the same values of features and died of the same disease. In this case, the interaction between diseases cannot be reflected by measurable pathology indices and thus the latent survival times to these diseases are not conditionally independent given the features. We believe that adding random effects can remarkably improve WDR's performance in such cases.
We do not find nonlinear feature effects as WDR has learned only one sub-event for payoff and default, respectively, from the data. This finding is valuable as it shows borrowers' features on Prosper.com are informative for lenders to easily make good decisions to avoid loans with high risks of default. As we have selected the data of fully funded loans in the time period when the bidding system was in use, the data may be of high homogeneity and thus interactions among features may not be significant; nonlinear feature effects might emerge if we analyze more loans in a longer period of time. Another application of WDR using the Prosper data is to study the loan funding process. Specifically, within the funding period a proposed listing may have two endpoints as two competing events; one is fully funded and the other is withdrawal by borrowers.
Another WDR's application area is in biomedical studies where the pre-specification of competing events is subject to human knowledge and diagnostic techniques, so that a competing event is very likely to include several unknown sub-events. We have analyzed a microarray gene-expression data of 240 patients with diffuse large B-cell lymphoma (DLBCL) [Rosenwald et al., 2002] . Multiple unsuccessful treatments to increase the survival rate suggest that there exist several subtypes of DLBCL that differ in responsiveness to chemotherapy. In the DLBCL dataset, Rosenwald et al. [2002] identify three gene-expression subgroups, including activated B-cell-like, germinal-center B-celllike, and "type 3" which may be related to three different diseases as a result of distinct mechanisms of malignant transformation. They also suspect that "type 3" may be associated with more than one such mechanism. We use WDR to study the survival under the three types of DLBCL, and have found that "type 3" actually consists of two sub-types. Proof of Proposition 1. Since P (t > τ ) = j P (t j > τ ) = e −τ a j λ j , then t = min j t j ∼
Weibull(a, j λ j ). Assuming t h = min j t j , we have
Let τ = 0. We have P (t h = min j t j ) = λ h j λ j . This proves the categorical distribution of y = argmin j t j . Consequently,
This proves the independence between t and y.
A.2 Marginal distribution of the WDR event time
the PDF of t i given a, {r jk } and {b ijk } is
and the cumulative density function (CDF) is
where
It is difficult to utilize the PDF or CDF of t i in the form of series, but we can use a finite truncation as an approximate. Concretely, as P (t i < ∞ | a, {r jk } j,k , {b ijk } j,k ) = c i ∞ m=0 δ im = 1, we find an M so large that c i M m=0 δ im close to 1 (say no less than 0.9999), and use 1−c i M m=0
(q a +b i(1) ) ρ i +m as an approximation. Consequently, sampling t i is feasible by inverting the approximated CDF for general cases. We have tried prediction by finite truncation on some synthetic data where a = 1 and found M is mostly between 10 and 30, which is computationally acceptable.
Proof. We first study the distribution of gamma convolution. Specifically, if λ t ind ∼ Gamma(r t , 1/b t ) with r t , b t ∈ R + , then the PDF of λ = T t=1 can be written in a form of series Moschopoulos [1985] as Moschopoulos [1985] (1) ). We want to show the PDF of t i ,
which suffices to prove the equality in (10). Note that
. So the integration and countable summation are interchangeable, and consequently, (10) holds.
Next we want to calculate the CDF of t i ,
It suffices to show (11). Note that
The last equation holds because the summation of a negative binomial probability mass
is uniformly convergent and (11) holds. Calculating the integration, we obtain the CDF of t i .
B MCMC algorithm for WDR
Let us denote T i and T ic as the observed failure time and the right censoring time, respectively, for observation i. Since left censoring is uncommon and not shown in the Prosper data to be analyzed, we only consider right censoring in our inference and leave to readers other types of censoring which can be analogously done. The inference by MCMC accommodating missing event time or missing event types proceeds by iterating the following steps.
Step 1: If y i is observed, we first sample κ iy i by
If y i is unobserved which means a missing event type, we sample (y i , κ iy i ) by
We then denote m jk = i:y i =j 1(κ iy i = k). Define n ijk = 1 if y i = j and κ iy i = k, and otherwise n ijk = 0. The above sampling procedure means that given the event type y i , we sample the index of the sub-event that has the minimum event time.
Step 2: Update t i for i = 1, · · · , n, j = 1, · · · , J and k = 1, · · · , K.
(a) If the event time T i is observed, we set t i = T i .
is a truncated weibull distribution so that t i ∈ (T ic , ∞). Note T ic = 0 if both event time and censoring time are missing for observation i.
Step 3: Sample (λ ijk | −) ∼ Gamma r jk + n ijk , e x i β jk 1+t a i e
x i β jk , for i = 1, · · · , n, j = 1, · · · , J and k = 1, · · · , K.
Step 4: Sample a by slice sampling. Since a determines how the hazard varies with time, we assume an improper prior of a ∈ R + , i.e., p(a) ∝ 1(a > 0) to reduce the impact of the prior on the posterior.
The uni-modality of p(a | . . .) can be shown so that slice sampling can be imple- (n ijk + r jk ) e a log t i +x i β jk log t i 1 + e a log t i +x i β jk .
Since n a in decreasing in a while i,j,k (n ijk +r jk ) e a log t i +x i β jk log t i 1+e a log t i +x i β jk is increasing in a, there must be at most one a ∈ R + so that d log p(a| . . .)/da = 0. So p(a| . . .) = 0 is uni-modal. We use the mcmc function in R package diversitree [FitzJohn, 2012] .
Step 5: Sample β jk , for j = 1, · · · , J and k = 1, · · · , K, by Pólya Gamma (PG) data augmentation. First Sample (ω ijk | −) ∼ PG(r jk +n ijk , x i β jk +a log t i ). Then sample
Note to sample from the Pólya-Gamma distribution, we use a fast and accurate approximate sampler of Zhou [2016] that matches the first two moments of the original distribution; we set the truncation level of that sampler as five.
Step 6: Sample (α vjk | −) ∼ Gamma a 0 + 0.5, 1/(b 0 + 0.5β 2 vjk ) for v = 0, · · · , V , j = 1, · · · , J and k = 1, · · · , K.
Step 7: Sample r jk and γ 0j , for j = 1, · · · , J and k = 1, · · · , K, by Chinese restaurant 
, and (γ 0j | −) ∼ Gamma e 0 + K k=1 l jk ,
.
Step 8: Sample (c 0j | −) ∼ Gamma e 1 + γ 0j , 1 f 1 + K k=1 r jk for j = 1, · · · , J.
Step 9: For j = 1, · · · , J and k = 1, · · · , K, prune sub-risk k of risk j for all observations if m jk = 0, by setting λ ijk ≡ 0 and t ijk ≡ ∞ for ∀i.
Step 1 through 8 are MCMC updates of parameters.
Step 9 is used to explicitly prune unneeded nonlinear modeling capacity. Although the item weights in the gamma process is almost surely positive, the latent count allocation of n ijk and n
(2) ijk in Step 1 and 7 make it possible to prune a sub-event which does not significantly represent a latent mechanism of a competing event.
C Maximum a posteriori estimations of WDR
With the reparameterization that λ ijk =λ ijk e x i β jk whereλ ijk iid ∼ Gamma(r jk , 1) we first find p i , the likelihood of observation i having event type y i at event time t i . 1) is the pdf of a gamma distribution with shape r jk and scale 1, and
if t i is missing, but y i is not,
Note that we do not define P (t i , y i | λ i ) if both t i and y i are missing and remove such observations from data. We write p t i ≡ p t (λ i | r) and p y i ≡ p y (λ i | r). 
where C is a constant function of a, {β jk } and {r jk }. In practice we assume an improper prior p(a) ∝ 1 on a, a Student's t distribution with degrees of freedom α on each element of β jk and a Gamma(0.01/K, 1/0.01) prior on r jk . We also found a Gamma(1/K, 1) prior on r jk or an L 2 -regularizer, 0.001||r|| 2 , is more numerically stable. Then we have
D Experiment settings
We run 200, 000 interations of Gibbs sampler for WDR with the gamma process truncated at K = 10 for all experiments on the Prosper data, take the first 195, 000 as burn-in and estimate CIF by averaging its estimators from the last 5, 000 iterations. For the synthetic data analysis, we run 100, 000 iterations and collect the last 2000 MCMC samples. For all experiments of random survial forests, we set the number of trees equal to 100 and the number of splits equal to 2 as suggested by Ishwaran et al. [2014] . We use R to implement the FG model by package cmprsk Gray [2014] and the RF model by randomForestSRC Ishwaran and Kogalur [2018] , and to calulate C-indices by package pec Gerds [2017] .
We compare the classification of loan early payoff and default by FG, RF and WDR with three other models, including L 2 regularized logistic regression and a neural network.
For the logistic regression, we use 5-fold cross validation to select the tuning parameter for the L 2 penalty of the parameters from (2 −10 , 2 −9 , . . . , 2 10 ). The neural network has three fully connected hidden layers with the width as 150, 300, and 150, respectively, rectifier linear units as the activation function between hidden layers and a softmax output. For all the classification methods, an observation in the testing set is classified to the category associated with the predictive probability greater than 0.5. and RF are smaller than those by FG. Note that the Brier scores by WDR is slightly larger than those by RF in terms of mean for synthetic data 2 when t ≤ 0.8, but the difference is insignificant when the standard errors are taken into account. Table 12 and 13, respectively, provide Brier scores and C-indices at month 5, 10, · · · , 35 by FG, RF and WDR for the Prosper data analysis using all the features in Table 2 . We can see the three models deliver comparable Brier scores and C-indices at the time evaluated. Table 14 shows the point estimate ± standard error of the Prosper feature effects by WDR (β/a) and FG (θ). All the point estimates by the two models are of the same sign unless insignificant, and this demonstrate the credibility of feature effect estimation by WDR. 
E Additional experimental results

